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1 Executive Summary

In recent years, the usage as well as the importance of the Internet has continuously in-
creased. Because of the recent COVID-19 pandemic as well as technological advancements,
humanity has begun to become increasingly more dependant on the Internet. With this
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comes the necessity of understanding future utilisation of the Internet and the technological
advancements and improvements to the Internet. To enable us to understand the future
potential of the Internet and its accessibility we need to understand how accessible it is
going to become to people, and one of the most efficient ways of achieving this would be by
observing current Internet pricing trends as well as usage statistics in order to predict future
developments.

The first problem our team decided to explore was the trend of decreasing Internet costs
throughout the years. To achieve this we sought to find a relationship between the price
of bandwidth per Megabits per second (Mbps) and the passage of time. Within this we
considered several factors that would have affected the price of Internet such as average speed
of the Internet in a given year, the upfront costs some users would have to pay which were
associated with Internet as well as the general trends of package prices. While researching
these areas we found that the Internet displayed exponential improvements in terms of speed
over time while the general price of packages followed a negative linear trend. We calculated
the price of the average package to be decreasing at a rate of £0.91 per year and the Internet
speed to be increasing by 22.7% and 15.8% (to 3 significant figures) per year in the US and
the UK, respectively. With this information we created a mathematical model that predicted
the average price of 1 Mbps of bandwidth after a given number of years based on the initial
cost of Internet, the decreasing price of Internet, the upfront costs certain people would need
to pay when switching Internet providers, as well as the increase in speed. After inputting
known values into our equation we found that Internet prices may fall as low as £0.04 per
Mbps in the UK and £0.03 per Mbps in the US by 2031.

For Question 2, we found that there were two useful approaches to model bandwidth usage
per year. These two approaches both required technical computing. For the first model,
we used Markov chains which produced slightly accurate but imprecise results, all in the
interval 0.9 Mbps to 10.5 Mbps. As a result, we decided to create a second model, which
used Monte Carlo simulation to randomly select the Internet activities of a variety of families
to stochastically determine the average “downtime” in a month or year. It showed that
during the COVID-19 crisis, substantially more bandwidth is required in almost all cases,
which draws attention to the need for strong access to Internet to support our economy
and education infrastructure. It found that school aged children were particularly affected
because of their need to be constantly video streaming their face in a virtual classroom.

For the third problem we were tasked with producing an optimum plan for spacial and num-
ber distribution for cellular network nodes in 3 given regions. We approached this by looking
to find the bandwidth requirements for each of the regions to decide which bands would be
the most appropriate for each. For region A, we got values for the max common bandwidth
of each sub-region by using the provided data for laptop and mobile phone ownership for each
sub-region, respectively. This gave a max common bandwidth of 716 Mbps for the whole of
region A. This decided that using 2 mid band towers would be the most appropriate for full
coverage and meeting the bandwidth requirement as that gave the area a maximum of 900
Mbps. The geographical placement of these two towers is then worked out by splitting the
region into two halves, and the geometric center point of each of these halves is where the
node will be placed.
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2 Question 1:

2.1 Restatement of the Problem

We were asked to model the trend in cost per Mbps over the next 10 years. We have created
a model to predict the average cost per month per Mbps in both the US and the UK.

2.2 Assumptions

2.2.1 The (negative) increase rate of monthly price is the same in the UK and
the US

Justification. Due to both a lack of data and their relatively similar markets, we
considered it safe to assume that the rate of monthly price change would be the same
in the two countries.

2.2.2 The Internet package with a mean price has a mean speed

Justification. The Internet market is extremely complicated and is an amalga-
mation of many different factors. In sum, these factors are likely to create a normal
distribution on the price and speed such that the mean and median are approximately
equal.

2.2.3 Upfront costs only occur when switching broadband providers

Justification. Installation and activation fees are by far the largest upfront costs
[5], and these are only applied when switching broadband providers as no activation
or installation is needed when staying with the same provider.

2.2.4 Bandwidth in Mbps is measured using average peak download speed

Justification. This is because broadband is defined as “the maximum amount of
data transmitted over an Internet connection in a given amount of time” in source
[6], meaning that average peak download speed is the best data set to use.
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2.3 Variables

Variable name Explanation Units
S0 Initial mean Internet speed in 2021 Mbps
St Mean Internet speed after t years Mbps
P0 Initial mean broadband monthly price in 2021 £
Pt Mean broadband monthly price after t years £
Rt Cost per month per Mbps after t years £/Mbps
D The (negative) increase rate of monthly price £/year
J The exponential increase rate of speed ...
U The mean upfront costs per person if they change

provider
£

M The mean time before the customer switches
broadband provider

months

t Time passed since base year (2021) years

2.4 Model Development

We observed that the mean Internet speed, regardless of the country, was going to increase
exponentially by Nielsen’s law [4] We actually found that in the data sets we were using [1],
the exponential relationship was much weaker, possibly because other exponential factors
cancel out the high rate predicted by Nielsen. Nevertheless, there was still an exponential
relationship such that we could form the following set of parametric equations, where S0 =
172.32 and J = 0.2053 in the US, and S0 = 92.392 and J = 0.1471 in the UK:

St = S0 × eJt (1)

Using source [1], we found that the rate of monthly price change in the UK was showing a
linear trend downwards. Using assumption 2.2.1, we assumed this rate of change to be the
same in the US. We therefore formed this second component of the parametric equation,
where P0 = $49.55 in the US, and P0 = $24.63 in the UK, and D = −$0.91 for both
countries:

Pt = P0 + Dt (2)

However, we realised the importance of including upfront costs. These are fixed costs which
influence a customer’s decision and so should be included in output of the model. We decided
to amortise these upfront costs over the expected lifetime of the contract, because upfront
costs are only paid if the customer switches broadband provider, as outlined in assumption
2.2.3, and although they’re paid in one go they can be thought of as being paid monthly. We
estimated that customers change broadband providers after 198 months, making M = 198.
This is because the average contract lasts 18 months [2] and customers switch on average
after 11 contractual cycles [3]. Using source [5], we found U = $69.47 in the US and
U = $54.28 in the UK. This then changes our average cost per month for broadband into
this equation:

Pt = P0 + Dt +
U

M
(3)
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These two parametric equations, defined with parameter t, can be divided by each other to
get the cost per Mbps. This quotient is a real cost per Mbps by assumption 2.2.2. This gives
us the final equation:

Rt =
cost

speed
=

P0 + Dt + U
M

S0 × eJt
(4)

2.5 Results

We computed results for both the United States and the United Kingdom. All of the values
not already mentioned above were generated from the M3 data set [1], by using spreadsheet
software to perform exponential and linear regressions.

2.5.1 United Kingdom

We initialised our model with these values for the parameters:

Variable Value
P0 24.63
D −0.91
U 54.28
M 198
S0 92.392
j 0.1471

Table 1: UK-specific model parameters

We then computed all the values from t = 0 through t = 10 using spreadsheet software. A
chart showing the relationship between Rt and R is provided in Figure 1.

Years from 2021 Cost per Mbps rounded to
the nearest pence (£/Mbps)

0 0.27
1 0.22
2 0.19
3 0.15
4 0.13
5 0.11
6 0.09
7 0.07
8 0.06
9 0.05
10 0.04

Table 2: UK-specific results
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Figure 1: Relationship between Rt and t

2.5.2 United States

Years from 2021 Cost per Mbps rounded to
the nearest pence (£/Mbps)

0 0.29
1 0.23
2 0.19
3 0.15
4 0.12
5 0.09
6 0.08
7 0.06
8 0.05
9 0.04
10 0.03

Table 3: US-specific results
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Figure 2: Relationship between Rt and t

2.6 Validity of the Model

Since we have modeled the trend in cost per Mbps with an exponential, the graphs above
show a decreasing curve at a decreasing rate. As the trend isn’t linear and instead begins to
level out, we don’t come into the problem of reaching negative value and the leveling out of
the line gives a much more sensible trend. The cost per Mbps will always be a cost so even
with technological advancements the price will not likely reduce any further than the extent
shown in our graphs, and this is especially true when looking at the 10-year period.

2.7 Strengths and Weaknesses

2.7.1 Strengths

The model is in closed form, and so it is simple to evaluate it and understand its correctness.
Modelling Internet speed advancements exponentially is a well-established methodology that
has been tested on data from as early as 1998. [4]

The model also accounts for upfront costs which makes it more useful as a measure for
consumers as otherwise broadband companies could hide all their costs in the form of fixed
costs to make them invisible.

Our model can also be used for any country, not just the US and the UK, making it very
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flexible and fit for use outside this paper.

2.7.2 Weaknesses

The model is incapable of predicting rapid technological advancements, such as a fundamen-
tal change to the medium used in Internet technology. For example, a change from copper
wiring or fibre-optic cables to radio telegraphy through the air, or a change from 4G to 5G,
is unlikely to be something our model could capture — but these sorts of changes are ex-
tremely difficult to predict anyway because they are probabilistic, depend on random human
ingenuity, and have high uncertainty.

Additionally, our model fails to account for the occasional variability caused by different ISPs
having slightly different deals, and although it is capable of handling the different types of
Internet technology, the input to the model must already be an average figure that represents
all the different types of broadband technology.

The model’s results are only accurate for reasonably short periods of time, on the order
of 10 years. This is because eventually, the model will predict a negative mean price and
therefore a negative Rt value. Although a low cost per Mbps matches our intuitions that
technological advancements will make the Internet more accessible, some kind of flattening
out will eventually need to be introduced. A parallel can be drawn to Moore’s law (which is
extremely similar to Nielsen’s law) — scientists currently believe that quantum effects and
other limiting factors will soon prevent Moore’s law from holding. It is difficult to predict
what will happen after this happens to Nielsen’s law, because it will provide immense pressure
for technical innovation in violation of assumption 2.2.5.

3 Question 2:

3.1 Restatement of the Problem

3.2 Assumptions

3.2.1 In pre and post COVID-19 worlds, the number of people working from
home is negligible

Justification. Whilst the idea of working from home now may seem incredibly
normal and part of our daily lives, before and possibly after COVID-19, there will be
so few people working from home that it will have no effect on our model.

3.2.2 People can only use up bandwidth when they are at home and awake

Justification. When you are at work you cannot use the home broadband, and when
you are asleep you will also not be using the home broadband.
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3.2.3 Each person can only perform one activity at a time

Justification. The list of activities in use have been carefully selected such that they
are disjoint from each other in most cases and it is extremely difficult to coherently
do two at once.

3.2.4 In the Markov chain model: The chance of downtime at any minute in a
day is independent of downtime for any other minute in the day

Justification. Although this is not quite true, the large length of the day compared
to the short duration of any activity (and therefore any outage) makes this assumption
acceptable.

3.2.5 Both a week and a month are representative of a year

Justification. A year in the life of the average person follows the cyclic structure
of the working week. We can assume that all 52 weeks of the year will follow this
structure therefore simulating a week can can be representative of a year. Since a
month is just several weeks, that too will be representative of a year.

3.3 Variables

Variable name Explanation
Bi The probability of starting activity j if you’re doing nothing
Ei The probability of discontinuing activity i

3.4 Markov Chain Model Development

Our model began with data manipulation. We know that in a pre and post COVID-19 world,
the number of people working from home is negligible, as outlined in assumption 3.2.1. This
means that the only time people are using up the bandwidth is when they are at home
and not asleep, using assumption 3.2.2. In source [1], we are given the hours per week that
different age groups spend on different electronic devices. We calculated the average amount
of free time that each age group has, by looking at time spent in school [7], employment data
for different age groups [8], time spent in work for average full time and part time employees
[9] [10], proportion of workers in part time work [11], number of children in college [12] and
average length of lectures [13]. We also looked at how long people are asleep, using sources
[14] and [15].

Using this data, we calculated the average amount of time each age group would spend at
home, whilst not asleep. This allowed us to calculate the average proportion of their at home
time that each age group spent doing each technological activity in spreadsheet D4 of source
[1]. These different activities were then labelled by the amount of bandwidth they used up,
which was outlined in spreadsheet D5 of source [1]. Using these probabilities we could then
create a Markov chain to find the proportion of time that the maximum bandwidth will
be exceeded, given a certain maximum bandwidth. This could be varied for the different
individuals outlined in the question by varying their age category to one in spreadsheet D4
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of source [1] to change the probabilities of different activities, and by changing the amount
of time they spent in the house, based on their occupation, and their time asleep, based on
their age.

The Markov chain quantises the day into indivisible minutes. It then predicts the activity
someone will be doing in 1 minute given the activity they are doing right now. It is acceptable
to represent each activity as its own state in the Markov chain as a consequence of assumption
3.2.2. If an activity typically takes t minutes, then the transition of that activity’s state to
itself should be such that after t minutes, the probability of having left the state should be
0.5. This means that on average people will discontinue the task after exactly t minutes.
Consequently, the relationship between t (the time an activity takes), and p (the transition
from a state to itself) must satisfy

pt = 0.5 (5)

=⇒ ln pt = ln 0.5 (6)

=⇒ t ln p = ln 0.5 (7)

=⇒ ln p =
ln 0.5

t
(8)

=⇒ eln p = e
ln 0.5

t (9)

=⇒ p = e
ln 0.5

t (10)

We therefore were able to use equation 10 to populate the main diagonal of the matrix
representing our Markov chain.

We add an extra state, the “free time” state, which categorises all non-sleeping activities that
require 0 Mbps. The probability of transitioning from the “free time” state into an Internet-
using state could be computed directly from data about how much time that activity takes
per day, using the ratio

time to do activity

time in day
(11)

=
time to do activity

24× 60
(12)

Transitioning from one activity to a different activity is unnecessary, because the time units
we have selected are so short. Instead, we always transition into the “free time” state first
(as a 1 minute or more “break”), before progressing to the next state. This means that
the matrix Mc representing the transitions of the Markov chain for the cth person can be
computed as (where Mcij means the jth entry in the ith row of matrix Mc, and the matrices
are indexed such that the top left cell is at (0,0))

Mcij =


Bj if i = 0

Ei if j = 0

1− Ei if i = j

0 otherwise

(13)
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Then the entry Mc00 must be specially treated as simply being equal to

1−
# of activities∑

j=1

Mc0j (14)

so that the probabilities add up to 1.

Finally, we used technical computing (see Appendix A) to calculate the probability of
person c being in state j after time t. We did this by using the binary exponentiation
algorithm (relying on the associativity of matrix multiplication) to quickly compute the
result of M t

c . This relies on these well-known properties of exponentiation:

M2t = M t ×M t (15)

M2t+1 = M ×M2t (16)

M0 = I (17)

It is a theorem [16] that M t
cij is the probability of reaching state j if you started at state

i, after t transitions. Therefore for each time step t we compute the probability of reaching
state j if at the beginning we started at 0. We then considered the probability of every
combination of states after t minutes and whether or not the state’s bandwidth use exceeds
some maximum bandwidth threshold q.

Since q is monotonic, we were able to perform the binary search algorithm to find the optimal
value of q. These results are recorded in section 3.5.

3.5 Monte Carlo Model Development

We then decided to use the same input values as in the Markov chain model, but instead
of computing the probabilities directly by exponentiating the transition matrix, we wrote
a computer program (Appendix B) which simulated 1 month of each of the three people.
The model was in three variables per person: S, the time each person sleeps (in minutes per
day), W , the time each person works (in minutes per day), and Q, the set of days of the
week in which the person is not present at the household.

Please see Appendix B for the values.

3.6 Results

Ages (works/schools outside home) Desired uptime Output (req. broadband in Mbps)
18-35 (no), 18-35 (yes), 2 (no) 0.90 10.5
18-35 (no), 18-35 (yes), 2 (no) 0.99 10.5
65+ (no), 12-17 (yes), 12-17 (yes) 0.99 10.5
65+ (no), 12-17 (yes), 12-17 (yes) 0.90 9.0
18-35 (*), 18-35 (*), 18-35 (*) 0.90 10.5
18-35 (*), 18-35 (*), 18-35 (*) 0.99 10.5

* = the working time was carefully calibrated based on 150 minutes per week of lectures and
7 hours of part time work. See sources above for more information.
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For the Monte Carlo simulation, the results were outputted as

90% for couple is 3.7 Mbps

99% for couple is 7.0 Mbps

99% for COVID couple is 10.7 Mbps

90% for COVID couple is 7.9 Mbps

Grandmother covid 99% is 4.9

Grandmother covid 90% is 1.2

Grandmother non-covid is same

Students covid 90% is 5.9

Students covid 99% is 8.0

Students non-covid 99% is 7.4

Students non-covid 90% is 1.0

3.7 Validity of the Model

The figures between 9.0 ≤ x ≤ 10.5 are common broadband figures, which adds confidence
that the model is behaving correctly.

The fact that the model is showing extremely similar values for the different cases may appear
suspicious, but it is because q is a step-function and so the actual results are intervals which
are disjoint except that they share a common point (the one which was recorded twice in
the table), and also due to floating point rounding errors.

However, the values are reasonably useful to a consumer because broadband is not sold in
much less than units of 1 Mbps.

3.8 Strengths and Weaknesses

3.8.1 Strengths

3.8.2 Markov chain

The use of a Markov chain allows us to fall back on a large body of existing knowledge in
the field. This means that the model can more easily be understood by experts and formally
verified as being correct.

Additionally, the model takes into account several factors such as the age and occupation,
and can be customised much more easily.

Specifically, the Markov chain is not being used to its full potential because many of the
transitions are exactly the same. We expect that future work to the model would be to
realise that the order in which people do activities influences the probability of doing the
next activity. In other words, the activities are not independent of one another.

3.8.3 Monte Carlo

The Monte Carlo simulation clearly produced more accurate results. There is a distinct
possibility that this is caused simply by a bug in the Markov chain code.
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Additionally, the Monte Carlo simulation is much more capable of handling a variety of
factors since it can be easily tweaked for all sorts of special cases whereas a Markov chain
can only be expressed as transition probabilities.

Additionally, the Markov chain only runs for 7 days, whereas this simulation runs for 30,
and times the sleeping and working times much more realistically.

3.8.4 Weaknesses

3.8.5 Markov chain

The model does not provide very precise results. It is only able to round to the nearest
0.5.

Additionally, the model assumes that the probability of each minute having “downtime” is
independent of all the other minutes. Although this is plainly false, by assumption 3.2.4 this
is still adequate.

Clearly, the second model (below) is much stronger, but it relies much more heavily on
computer simulation.

3.8.6 Monte Carlo

The Monte Carlo simulation is more opaque because it requires technical knowledge about
the Python programming language to understand its correctness. Even using a functional
programming like Haskell would have been superior because it would have allowed formal
verification of the correctness of the program.

Additionally, the Monte Carlo simulation is stochastic by definition and so may produce
different values on different executions. However, this is unlikely because it runs millions of
times over the course of 30 days in 1-minute increments.

4 Question 3:

4.1 Restatement of the Problem

Produce a mathematical model which can give the optimal spacial and number distribution
of mobile network nodes for 3 given regions.

4.2 Assumptions

4.2.1 The population in each sub-region is evenly distributed

Justification. Due to the areas being fictional, it is compulsory to assume this.
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4.2.2 The percentage of households with given technological equipment is the
same for all sub-regions of a region

Justification. Again, because the regions are fictional, no further data can be found
on this, so distribution of devices must be assumed to be even.

4.2.3 The three different bands that a cellular tower can be placed in all have
the same price

Justification. Costs of production and installation for the three types of tower are
the exact same, since they are the same structures, but are just set to a different
frequency.

4.2.4 Nodes emit a signal that encompasses the area of a circle

Justification. The range at which mobile signal is emitted from a node is equal 360◦

about the node. Therefore, this range is a radius of a circle.

4.2.5 Price of each band tier is irrelevant to the plan

Justification. Since there is no clear price data for each of the node bands, we can
assume that the optimal plan for node distribution will simply be achieved by using
the least number of nodes to meet the bandwidth requirements without taking into
account price efficiency.

4.2.6 Each household will have a maximum of two devices

Justification. Since the average number of both computers and smartphones per
household globally is below 50%, it is safe to assume that in these areas with little at
home broadband, the number of devices per household will be low enough to make
this assumption.

4.2.7 Each household will have a maximum of one computer

Justification. There is no need for a household to have more than one computer, so
it is very rare, meaning that it will be ignored in our model.

4.2.8 No household with no devices will have at home broadband

Justification. If a household has no devices that connect to the Internet, there is
no need for broadband at home.



M3 Modelling Challenge Team ID: 14679

4.3 Variables

Variable name Value
Total number of households 2878

Proportion of households that have a desktop or laptop computer 0.643
Proportion of households that have broadband Internet service 0.495

Proportion of households that have a smartphone 0.692
Proportion of households that have only 1 smartphone 0.692

4.4 Model Development

Using assumption 4.2.2, we extrapolated the proportion of households that have a desktop
or laptop computer, the proportion of households that have broadband Internet service, the
proportion of households that have a smartphone, and the proportion of households that
have a smartphone and no other computing device to be the same for all sub-regions.

We used this to calculate the proportion of the population that have two devices, one of
which is a phone. Using source [17], which says that 50% of mobile phone users can access
the Internet using only mobile phones, we found the proportion of people who have only
phones.

Using assumption 4.3.6 then allows us to find the proportion of households that have two
phones, which we can then use to find the proportion of houses that have a phone and
a computer, and the proportion with just a computer. We now have the proportion of
households with one phone, two phones, a phone and a computer and just a computer. Due
to assumption 4.2.7, we know that these are all the possible devices a household can have,
except for having no devices, so the number of households with no devices can then be
calculated.

We can then calculate the total number of devices, using double the proportion of house-
holds with two devices multiplied by the total number of households, plus the proportion of
households with only one device multiplied by the total number of households.

Using assumption 4.6.8, we know that a household with no devices will never have at home
broadband, so we can calculate the number of devices that have no at home broadband.
This is done by dividing the proportion of households with one device by the proportion of
households that have any devices, and multiplying this by the number of households with a
device with no Internet connection. This is added onto the proportion of households with
two devices divided by the proportion of households that have any devices, and multiplying
this by twice the number of households with a device with no Internet connection.

Using this result, we then find the maximum common bandwidth. This is done by multi-
plying the chance of a device video streaming in non-working hours, which was calculated
in Question 2, by the Mbps it takes to stream SD quality video.

We repeat this for all the different sub-regions to find a maximum common bandwidth for
all sub-regions, which alongside the size of the regions, can be used to find the number of
nodes needed to both cover the entire region and have a high enough bandwidth to be above
the maximum common bandwidth for all the sub-regions the node will cover.
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This was done for region A to give the following results:

Variable name Value
Proportion of households that have only phones 0.346

Proportion of households that have 2 phones 0.303
Proportion of households that have a 1 phone and 1 computer 0.346

Proportion of households that have just a computer 0.297
Proportion of households that have nothing 0.011

Total number of devices 5586
Total number of households with a device but no Internet 1378

Total number of devices without Internet 2282
Total max common bandwidth 718.1Mbps

Max common bandwidth for sub-region 1 63.4Mbps
Max common bandwidth for sub-region 2 171.3Mbps
Max common bandwidth for sub-region 3 128.4Mbps
Max common bandwidth for sub-region 4 61.9Mbps
Max common bandwidth for sub-region 5 153.1Mbps
Max common bandwidth for sub-region 6 140.6Mbps

4.5 Results

Full coverage for the bandwidth requirements of region A can be met by using two mid
band nodes. The spacial distribution of each node was then provided by splitting each of
the three regions into smaller roughly equal shapes. The geometric center points of these
subsections can then be found as the optimum placement of each node. The center point
for each subsection is found simply by encompassing it by the rectangle of smallest possible
area and using the centre point of that rectangle. In the figures below, the placement of each
note is denoted by a blue dot.
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4.6 Strengths and Weaknesses

4.6.1 Strengths

Simplicity: Our model doesn’t require usage data for households and only requires the
number of devices to equate the bandwidth requirement. This coupled with the geometric
method of finding the spacial distribution of the nodes gives the model adaptability for other
regions and doesn’t require much input data.

4.6.2 Weaknesses

Our weaknesses come from the broadness of our assumptions. Assumptions 4.2.6 and 4.2.7
are likely to be wrong, and a more accurate model would not have included them; however,
they were necessary for the model to work.
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from f u n c t o o l s import l r u c a c h e
from copy import deepcopy

class Matrix :
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s e l f . rows = rows
s e l f . num rows = len ( rows )
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s e l f . num cols = len ( rows [ 0 ] )

def mul ( s e l f , o ther ) :
a s s e r t s e l f . num cols == other . num rows

# Create a b lank new matrix
new rows = [

[
None # Create an empty row ( o f Nones )
for in range ( other . num cols )

]
for in range ( s e l f . num rows ) # and then c rea t e l o t s o f

rows o f t h a t form
]

# Now popu la t e the va l u e s o f the matrix
for i in range ( s e l f . num rows ) :

for j in range ( other . num cols ) :
# Compute the s c a l a r product o f the row from t h i s matrix

wi th the column of the
# other matrix , us ing the b u i l t in ‘sum ‘ func t i on to

aggrega t e a l l the produc t s
new rows [ i ] [ j ] = sum(

s e l f . rows [ i ] [ k ] ∗ other . rows [ k ] [ j ]
for k in range ( s e l f . num cols )

)

return Matrix ( new rows )

def r e p r ( s e l f ) :
”””
Function f o r debugg ing purposes to
output a s t r i n g r ep r e s en t a t i on o f the matrix
”””
out = ”{”
for row in s e l f . rows :

out += ’ , ’ . j o i n ( [
str ( entry ) for entry in row

] ) + ’\n ’
out += ”}”
return out

@lru cache (None )
def pow ( s e l f , num) :

”””
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Exponent ia te the matrix us ing the b inary exponen t i a t i on
a l gor i thm .

I f ‘num‘ i s even , then Mˆnum = Mˆ{num/2} ∗ Mˆ{num/2}
I f ‘num‘ i s odd , then Mˆnum = Mˆ{num−1} ∗ M
”””
a s s e r t s e l f . num rows == s e l f . num cols
# Construct the i d e n t i t y matrix
i d e n t i t y m a t r i x = Matrix ( [

[ 1 i f i == j else 0 for j in range ( s e l f . num cols ) ]
for i in range ( s e l f . num rows )

] )

# Anything to the power o f 0 i s the mu l t i p l i c a t i v e i d e n t i t y
i f num == 0 :

return i d e n t i t y m a t r i x

i f num % 2 == 0 :
# Square the square roo t o f the r e s u l t o f the exponen t i a t i on
s q r t = s e l f ∗∗ (num // 2)
return s q r t ∗ s q r t

else :
# Sub t rac t one from the power , and then mu l t i p l y by the base
o n e l e s s = s e l f ∗∗ (num − 1)
return s e l f ∗ o n e l e s s

bandwidth usage = [
0 , # NOT USING INTERNET . . .
1 , # SURFING WEB: . . .
2 , # ONLINE GAMING: . . .
2 . 5 , # VIDEO CONFERENCING: . . .
3 . 5 , # SD VIDEO STREAMING: . . .
50 #LARGE FILE DOWNLOADS: . . .

]

MINUTES IN HOUR = 60
SLEEPING HOURS = 8
HOURS IN DAY = 24 − SLEEPING HOURS

# Trans i t i ons from doing noth ing to doing a p a r t i c u l a r s t a t e
f r e e t o s t a t e = {

”2−11” : [
0 . 8 5 , 0 . 0 0 , 0 . 0 4 , 0 . 0 0 , 0 . 1 0 , 0 . 0 0

] ,
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”12−17” : [
0 . 8 9 , 0 . 0 0 , 0 . 0 6 , 0 . 0 0 , 0 . 0 5 , 0 . 0 0

] ,
”18−34” : [

0 . 3 9 , 0 . 4 2 , 0 . 0 5 , 0 . 0 0 , 0 . 1 4 , 0 . 0 0
] ,
”35−49” : [

0 . 4 2 , 0 . 4 4 , 0 . 0 2 , 0 . 0 0 , 0 . 1 2 , 0 . 0 0
] ,
”50−64” : [

0 . 5 5 , 0 . 3 7 , 0 . 0 1 , 0 . 0 0 , 0 . 0 8 , 0 . 0 0
] ,
”65+” : [

0 . 7 6 , 0 . 2 0 , 0 . 0 0 , 0 . 0 0 , 0 . 0 3 , 0 . 0 0
]

}

# Time per a c t i v i t y
t i m e p e r a c t i v i t y = [

60 , # NOT USING INTERNET . . .
15 , # SURFING WEB: . . .
82 , # ONLINE GAMING: . . .
45 , # VIDEO CONFERENCING: . . .
48 , # SD VIDEO STREAMING: . . .
20 #LARGE FILE DOWNLOADS: . . .

]

# Trans i t i ons f o r cont inu ing to do a s t a t e
s t a t e t o s t a t e = [

e ∗∗ ( l og ( 0 . 5 ) / time ) for time in t i m e p e r a c t i v i t y
]

# Binary search between the s e two l im i t s
l o l i m i t = 0
h i l i m i t = 20

# Target downtime ( i . e . 1 − uptime )
# This i s s e t to 0 .1 and 0.01 f o r 90% and 99% uptime r e s p e c t i v e l y
TARGET = 0.1

DAYS IN WEEK = 7
WORKING DAYS = 5

”””
Here are a l l the data inpu t s used
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person data = [
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR ∗ DAYS IN WEEK) ,
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR ∗ DAYS IN WEEK + 7 ∗

MINUTES IN HOUR ∗ WORKINGDAYS) ,
( ’2−11 ’ , 8 ∗ MINUTES IN HOUR ∗ DAYS IN WEEK)

]

person data = [
( ’65+ ’ , 8 ∗ MINUTES IN HOUR ∗ DAYS IN WEEK) ,
( ’12−17 ’ , 8 ∗ MINUTES IN HOUR ∗ 2 + MINUTES IN HOUR ∗

HOURS IN DAY ∗ 5) ,
( ’12−17 ’ , 8 ∗ MINUTES IN HOUR ∗ 2 + MINUTES IN HOUR ∗

HOURS IN DAY ∗ 5) ,
]

person data = [
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR ∗ DAYS IN WEEK + 16 ∗

MINUTES IN HOUR + 150 ∗ MINUTES IN HOUR) ,
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR ∗ DAYS IN WEEK + 16 ∗

MINUTES IN HOUR + 150 ∗ MINUTES IN HOUR) ,
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR ∗ DAYS IN WEEK + 16 ∗

MINUTES IN HOUR + 150 ∗ MINUTES IN HOUR) ,
]

”””

while l o l i m i t < h i l i m i t :
mid = ( l o l i m i t + h i l i m i t ) / 2
bandwidth l imit = mid

a c t i v e m a t r i c e s = [ ]

# A person i s a s l e e p i f they are not capab l e o f us ing the
bandwidth , e i t h e r because they are at a d i f f e r e n t p h y s i c a l
l o c a t i o n or a s l e e p

person data = [
( ’65+ ’ , 8 ∗ MINUTES IN HOUR ∗ DAYS IN WEEK) ,
( ’ 12−17 ’ , 8 ∗ MINUTES IN HOUR ∗ 2 + MINUTES IN HOUR ∗

HOURS IN DAY ∗ 5) ,
( ’ 12−17 ’ , 8 ∗ MINUTES IN HOUR ∗ 2 + MINUTES IN HOUR ∗

HOURS IN DAY ∗ 5) ,
]

for age , a s l e e p t i m e in person data :
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# Create a b lank square matrix
matrix = [

[ 0 for in range ( len ( bandwidth usage ) ) ] for in range ( len
( bandwidth usage ) )

]

for i in range (0 , len ( bandwidth usage ) ) :
matrix [ 0 ] [ i ] = f r e e t o s t a t e [ age ] [ i ]
matrix [ i ] [ i ] = s t a t e t o s t a t e [ i ]
matrix [ i ] [ 0 ] = 1 − matrix [ i ] [ i ]

matrix [ 0 ] [ 0 ] = 1 − sum( matrix [ 0 ] [ 1 : ] )
a c t i v e m a t r i c e s . append ( Matrix ( matrix ) )

P downtime = 0
avg downtime = 0
tot downtime = 0

c u r r e n t m a t r i c e s = deepcopy ( a c t i v e m a t r i c e s )

TIME = MINUTES IN HOUR ∗ HOURS IN DAY ∗ DAYS IN WEEK

for time in range (TIME) :
# pr in t ( l i s t ( enumerate ( z i p ( a c t i v e ma t r i c e s , cu r r en t ma t r i c e s ) )

) )
c u r r e n t m a t r i c e s = [
# Only t r a n i s t i o n i f awake
M i f time < person data [ i ] [ 1 ] else A ∗ M
for i , (A, M) in enumerate ( zip ( a c t i v e m a t r i c e s ,

c u r r e n t m a t r i c e s ) )
]

# Chance o f downtime in t h i s minute
P downtime = 0
#pr in t (”Chance o f be ing in s t a t e 2 a f t e r ” , time , ”minutes i s ” ,

cu r r en t ma t r i c e s [ 0 ] . rows [ 0 ] [ 2 ] )
# For every combination o f s t a t e s , f i n d out how much bandwidth

i t ’ s us ing
# and the p r o b a b i l i t y o f i t happening and mu l t i p l y them

to g e t h e r . Add t h i s
# onto the p r o b a b i l i t y v a r i a b l e .
#
# Use the Cartes ian product f unc t i on from ‘ i t e r t o o l s ‘ f o r t h i s

purpose
for s t a t e s in product ( range ( len ( bandwidth usage ) ) , r epeat=len (
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a c t i v e m a t r i c e s ) ) :
bandwid th o f s t a t e s = 0
P o f t h i s s t a t e = 1
#pr in t ( s t a t e s )
for i , s t a t e in enumerate ( s t a t e s ) :

i f time < person data [ i ] [ 1 ] :
continue

P o f t h i s s t a t e ∗= ( c u r r e n t m a t r i c e s [ i ] ∗∗ time ) . rows [ 0 ] [
s t a t e ]

bandwid th o f s t a t e s += bandwidth usage [ s t a t e ]

#pr in t (” In t h i s s t a t e , the bandwidth used i s ” ,
b andw i d t h o f s t a t e s , ”and i t has a chance o f ” ,
P o f t h i s s t a t e )

i f bandwid th o f s t a t e s > bandwidth l imit :
P downtime += P o f t h i s s t a t e

# pr in t ( time )
tot downtime += P downtime

avg downtime = tot downtime / (MINUTES IN HOUR ∗ HOURS IN DAY)

#i f 0 <= avg downtime <= 0.011:# break

print ( ”Did an i t e r a t i o n ” , l o l i m i t , h i l i m i t , ”mid=” , mid ,
avg downtime )

i f avg downtime < TARGET:
h i l i m i t = mid

else :
l o l i m i t = mid

print ( ”Mid = ” , bandwidth l imit , avg downtime )

7 Appendix B

from i t e r t o o l s import product
from math import log , e
from f u n c t o o l s import l r u c a c h e
from copy import deepcopy
from random import c h o i c e s

bandwidth usage = [
0 , # NOT USING INTERNET . . .
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1 , # SURFING WEB: . . .
2 , # ONLINE GAMING: . . .
2 . 5 , # VIDEO CONFERENCING: . . .
3 . 5 , # SD VIDEO STREAMING: . . .
50 #LARGE FILE DOWNLOADS: . . .

]

MINUTES IN HOUR = 60
SLEEPING HOURS = 8
HOURS IN DAY = 24 − SLEEPING HOURS

# Trans i t i ons from doing noth ing to doing a p a r t i c u l a r s t a t e
f r e e t o s t a t e = {

”2−11” : [
0 . 8 5 , 0 . 0 0 , 0 . 0 4 , 0 . 0 0 , 0 . 1 0 , 0 . 0 0

] ,
”12−17” : [

0 . 8 9 , 0 . 0 0 , 0 . 0 6 , 0 . 0 0 , 0 . 0 5 , 0 . 0 0
] ,
”18−34” : [

0 . 3 9 , 0 . 4 2 , 0 . 0 5 , 0 . 0 0 , 0 . 1 4 , 0 . 0 0
] ,
”35−49” : [

0 . 4 2 , 0 . 4 4 , 0 . 0 2 , 0 . 0 0 , 0 . 1 2 , 0 . 0 0
] ,
”50−64” : [

0 . 5 5 , 0 . 3 7 , 0 . 0 1 , 0 . 0 0 , 0 . 0 8 , 0 . 0 0
] ,
”65+” : [

0 . 7 6 , 0 . 2 0 , 0 . 0 0 , 0 . 0 0 , 0 . 0 3 , 0 . 0 0
]

}

# Time per a c t i v i t y
t i m e p e r a c t i v i t y = [

10 , # NOT USING INTERNET . . .
15 , # SURFING WEB: . . .
82 , # ONLINE GAMING: . . .
45 , # VIDEO CONFERENCING: . . .
48 , # SD VIDEO STREAMING: . . .
20 #LARGE FILE DOWNLOADS: . . .

]

# Trans i t i ons f o r cont inu ing to do a s t a t e
s t a t e t o s t a t e = [
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e ∗∗ ( l og ( 0 . 5 ) / time ) for time in t i m e p e r a c t i v i t y
]

# Binary search between the s e two l im i t s
l o l i m i t = 0
h i l i m i t = 20

DAYS IN WEEK = 7
WORKING DAYS = 5

”””
Here are a l l the data inpu t s used

person data = [
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR, 0 , [ ] ) ,
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR, 7 ∗ MINUTES IN HOUR, [ ] ) ,
( ’2−11 ’ , 12 ∗ MINUTES IN HOUR, 0 , [ ] )

]

person data = [
( ’65+ ’ , 8 ∗ MINUTES IN HOUR, 0 , [ ] ) ,
( ’12−17 ’ , 8 ∗ MINUTES IN HOUR ∗ 2 + MINUTES IN HOUR ∗

HOURS IN DAY ∗ 5) ,
( ’12−17 ’ , 8 ∗ MINUTES IN HOUR ∗ 2 + MINUTES IN HOUR ∗

HOURS IN DAY ∗ 5) ,
]

person data = [
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR, 5 + 7 ∗ MINUTES IN HOUR, [ ] ) ,
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR, 5 + 7 ∗ MINUTES IN HOUR,

[ 0 , 1 , 2 , 3 , 4 , 5 ] ) ,
( ’18−34 ’ , 8 ∗ MINUTES IN HOUR, 5 + 7 ∗ MINUTES IN HOUR,

[ 0 , 1 , 2 , 3 , 4 , 5 ] )
]
”””
person data = [

( ’ 18−34 ’ , 8 ∗ MINUTES IN HOUR, 5 + 7 ∗ MINUTES IN HOUR, [ ] ) ,
( ’ 18−34 ’ , 8 ∗ MINUTES IN HOUR, 5 + 7 ∗ MINUTES IN HOUR,

[ 0 , 1 , 2 , 3 , 4 , 5 ] ) ,
( ’ 18−34 ’ , 8 ∗ MINUTES IN HOUR, 5 + 7 ∗ MINUTES IN HOUR,

[ 0 , 1 , 2 , 3 , 4 , 5 ] )
]
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p e r s o n a c t i v i t i e s = [ ( 0 , 0) for in person data ]

AVG BANDWIDTH AT WORK = 2.4
COVID = False

# Target downtime ( i . e . 1 − uptime )
# This i s s e t to 0 .1 and 0.01 f o r 90% and 99% uptime r e s p e c t i v e l y
TARGET = 0.1

l o = 0
hi = 50
while l o < hi :

downtime = 0
mid = ( l o + hi ) / 2
th r e sho ld = mid

day of week = 0
t ime o f day = 0

for time in range (30 ∗ HOURS IN DAY ∗ MINUTES IN HOUR) :
bb = 0 # broadband
t ime o f day = time % (HOURS IN DAY ∗ MINUTES IN HOUR)
day of week = ( time // (HOURS IN DAY ∗ MINUTES IN HOUR) ) % 7
#pr in t (” time o f day ” , t ime o f day )
for person num in range ( len ( person data ) ) :

exp i ra t i on , mbps = p e r s o n a c t i v i t i e s [ person num ]

# I f not here , cont inue
i f day of week in person data [ person num ] [ 3 ] :

continue

# I f a l seep , then not us ing In t e rne t
i f t ime o f day <= person data [ person num ] [ 1 ] :

continue

# I f at work , then depending on whether we ’ re in COVID we ’ re
e i t h e r in a

i f day of week <= 5 and t ime o f day <= person data [
person num ] [ 1 ] + person data [ person num ] [ 2 ] :

i f COVID:
bb += AVG BANDWIDTH AT WORK

else :
continue

i f e x p i r a t i o n > 0 :
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bb += mbps
# Decrease e x p i r a t i on time by 1 so i t w i l l e v e n t u a l l y

reach 0
# and exp i r e
p e r s o n a c t i v i t i e s [ person num ] = ( e x p i r a t i o n − 1 , mbps)

else :
# Pick a random a c t i v i t y
s e l e c t i o n = c h o i c e s ( range ( len ( bandwidth usage ) ) , weights=

f r e e t o s t a t e [ person data [ person num ] [ 0 ] ] ) [ 0 ]

# Ins e r t i t i n t o the ’ da tabase ’
p e r s o n a c t i v i t i e s [ person num ] = ( t i m e p e r a c t i v i t y [

s e l e c t i o n ] , bandwidth usage [ s e l e c t i o n ] )
#pr in t (” bb ” , bb )
i f bb > th r e sho ld :

downtime += 1

#pr in t (” l o ” , ” h i ” , lo , h i )

print ( ”Downtime : ” , downtime , time , downtime / time )
print ( ”Mid =” , mid )

i f ( downtime/ time ) < TARGET:
h i = mid

else :
l o = mid
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